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THE COMMUTANT OF ANALYTIC TOEPLITZ OPERATORS
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JAMES A.DEDDENS(1) AND TIN KIN WONG

ABSTRACT. In this paper we study the commutant of an analytic Toeplitz
operator. For ¢ € H®, let ¢ =XF be its inner-outer factorization, Our main
result is that if there exists A € C such that X factors as X = XXy ¢+ X,
each X; an inner function, and if F - A is divisible by each x;, then {T¢} '=
lTxf 'n {TF}'. The key step in the proof is Lemma 2, which is a curious re-
sult about nilpotent operators. One corollary of our main result is that if
x(z)=2", n 21, then {T¢,}'={Tx§'n {TFV, another is that if ¢ € H® is
univalent then 2T¢,l '={T,}'. We are also able to prove that if the inner fac-
tor of ¢ is X(z)=127,n 21, then {T¢}'={Tzs§' where s is a positive ine
teger maximal with respect to the property that z%? and F(z) are both functions
of zS. We conclude by raising six questions.

1. Introduction. Let H? denote the Hilbert space of functions [ analytic
in the open unit disc D for which the functions /,(6)= f (e'®) are uniformly bound-
ed in L2-norm for r< 1, and let H™ denote the linear manifold of bounded func-
tions in H?. For peH, T, (or T (z)) is the analytic Toeplitz operator on
H? defined by the relation (T,f Xz) = ¢(2) f(2). These operators have received
a great deal of attention recently and many of their properties are well known
(41, 5. The operator T, is often called the unilateral shift and is the canoni-
cal example of a completely nonunitary isometry of defect one. Every analytic
Toeplitz operator commutes with T, in fact, every operator that commutes with
T, is an analytic Toeplitz operator. The purpose of this paper is to study the
commutant of an arbitrary analytic Toeplitz operator. We obtain some partial
results characterizing the commutant of an analytic Toeplitz operator as well as
some partial results characterizing those analytic functions whose associated
Toeplitz operators have commutant equal to that of T,. $2 contains our main
result stated in terms of pure isometries, §§ 3 and 4 contain numerous results on
the commutant of analytic Toeplitz operators, while $'5 contains some open ques-
tions.

It is well known that if / € H? then there is a function f* € L2(T) such that
f (re'®) converges almost everywhere to f *(e19). X € H” is said to be an inner
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function if |x *('9)| =1 almost everywhere (or equivaleatly, if Ty is an isometry).
Every inner function ¥ has a factorization x(z) = e!”B(2)S(z) with |e'”| =1
where B(z) is a Blaschke product of the form

00 |ak| a, -z
B(Z)=z"n—a—l = 0<a,|<1,
k=1 k T Tk

and S(z) is a singular inner function of the form

5(z) = exp {— fznel:t Rl dp.(t)}

el _z

with g a singular measure. F € H™ is said to be an outer function if F is of the
form

F(z) = exp {ZL 2m e—lil—ti k(t)dt}

7 JO0 it_,

where k is a real-valued integrable function (or equivalently, if T has dense
range). Every nonconstant function ¢ € H* has a unique factorization of the form
&(2) = x(2)F(z) where ¥ € H® is an inner function and F € H” is an outer func-
tion ([6], [10]). Our results will show that this factorization plays a key role in
determining the commutant of T,.

Although we are primarily interested in analytic Toeplitz operators it will be
convenient to state some of our results more generally. An isometry V on a Hil-
bert space H is called a pure isometry ([3], [7)) if n:;o v"H ={0}. The dimen-
sion of the defect space K, = H ©VH is called the defect or muleiplicity of V,
and one easily obtains the decomposition } = = ® V”K,,. Any two pure iso-
metries of the same multiplicity are unitarily equivalent. Thus V is unitarily
equivalent to the unilateral shife U, on 13(K,) =3/ & K, defined by

Uslxgr %10 %500+ ) = (0, xg, Xy, 29, -+ ).

It is easily verified that the commutant of U, consists of those bounded linear
operators on l?r(Kv) of the form X A U% where, for A a bounded linear oper-
ator on K, A (the inflation of A)is defined on Ii(Kv) by

A(x(p xl) xzv "‘)= (AxO’ Axli szy "‘)-

Thus the commutant of a pure isometry can be characterized.

If x € H” is a nonconstant inner function then T, is a pure isometry (this
follows since no 0 # [ € H is infinitely divisible by X), which has finite defect
if and only if X is a finite Blaschke product. Hence the commutant of T, for x
an inner function is well known, and we attempt to characterize the commutant of
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an arbitrary analytic Toeplitz operator in terms of these objects. For a Hilbert
space X, B(H) will denote the algebra of all bounded linear operators on H. If
A € BH) then {A}’ will denote the commutant of A, that is, {4}’ = {B € BH):
AB = BA}.

2. Main result. Throughout this section K will denote a Hilbert space, H
will denote the Hilbert space li(K), and U, will denote the unilateral shift on

K.

Lemma 1. Suppose S € BMH) has dense range and commutes with Uy If
T € BG) commutes with SU,, then T has a lower triangular operator-valued
matrix on H.

Proof. Since T lower triangular is equivalent to T upper triangular, which
in turn, is equivalent to the subspaces M, = EZ.O’QK invariant for T*, it suf-
fices to prove that T* leaves M invariant. Since T commutes with SU,, T*
commutes with $*U} and hence with S*"*1U*"+1, Thus T* leaves invariant
the null space of S*™*+1y*"+!, Because § has dense range, S***! is one-to-

one, and

aull (S**+1U4m+1) = null U+ = M,

Hence T is lower triangular.

The following lemma is essential for our main result.

Lemma 2. Let N be a nilpotent operator on K and let Xy=Al+ N where
04X €C. If B, Ay, Ay, Ay - -+ € B(K) satisfy

(@) ||Al<M k=0,1,2,.-., and

(b) ApXy=XyAp_+B, k=1,2,3,.-.,
then Ay=A =A,=--..

Proof. By Theorem 1 in [8], K decomposes into 2:.'31 (2] K;and X, has a
lower triangular operator-valued matrix with diagonal elements Al,. We show that
Ay=A =4, =" by showing that they must have the same (1, n), (1, n-1),

-1, 1),@2,n)y-4,(2, 1)+, (1, 1), -+, (n 1) operator entries with respect to o
this decomposition. We repeatedly use the obvious fact that the lemma is true if
N = 0. More precisely, if D, Cy, C,, C,,-++ € B(K’, K") satisfying |C,[| < M
and ACk =)\Ck_1 +D for k=1,2,3,+-. then C;=C,; =C, =+--. Tosee that
this is the case merely observe that AC, =AC,_, + D implies AC, =AC, + kD.
In order that [|C,|| < M we must have that D =0 and hence Cj=C;=C,="--.

Now the (1, ) entry of (b) is

A(Ak)l'”=A(Ak—])l,n+(3)l'n’ k: 0, 1’ 2,... ,
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and so by the above remark and by the fact that (a) implies [/(A k)i. 1“ < M for
i j=1,2,++sm k=0,1,2,+- one concludes that (4,), A =(4,), =
(AZ)l,n =+ee . The (1, n = 1) entry of (b) is

MA, o1+ Xo)y no1@)y, = MAL 1)y et + By oy

1,n- n,n=-

or since (Ao)l,n = (Al)l.n =+.e, that
MADL o1 =MAp_1)p ey + By g = (X), ,o1(Ag)y ]

= ees,

and again we conclude that (Ao)l.n-l =(4,),
Now the (i, ;) entry of (b) is

Mne-1

MAL); j+ @R 1K)y, j+ oo+ (4);, o Xo)p, i

= A(Ak-l)i. i + (Xo)i’ i-l(Ak- l)i-l,i + e+ (XO)i’ l(Ak-l)l.i + (B')i, i

Let us now assume that (Ao)p.q = (Al)p,q

nand 1 <p<i, qg=j Then

=(Az)p,q=”' forall p=i, j<g<

A(Ak)i, i = A(Ak- l)i, i + [(XO) I(A 0)'-1,;' + oo + (xo)i' l(Ao)i, i + (B)i, i

i,i= i

- o)i, i+l(x0)j+l,j -t (Ao)i. n(xo)n. i]

and we conclude that (4), .= (4,) - . Inductively we obtain that

=
(Ag), ;= Ay, j=-- forall i j=1,2, .0 n

and so A0=AI=A2=... .

Corollary 1. If N is a nilpotent operator on K and X, =M + N where 04\
€C, then

IXZAXG™| <M for n=0,1,2, ... implies AXy=XoA.

If K is finite dimensional, then the converse is also true.

Proof. Let A, = XXAX5® for k=0,1,2,-+- . Then A, X(=X¢A,_, and
the result follows from Lemma 2 by setting B = 0.

In order to see that the converse is true if K is finite dimensional, first ob-
serve that if X satisfies the conclusion of the corollary, that is, X, = Al + N
for 0 £ A and N nilpotent, then so does any operator SX oS‘l similar to X.
Now using Jordan canonical forms it is easy to see that for any invertible opera«

tor X, with two or more distinct eigenvalues there is another operator A satis-
fying |XPAX5"|| < M but AXy# X A. For example, if p, A £ 0 and if
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=O + N @i, +N,) on [ePT1) @ [l]'2 ) where N, e{?) equals e".:l
1f n<n, and equals 0 1f n=n, 1f Ais defmed by Ae(z) ()t/;t)e“) and 0
othetW1se, then X AX" (/\/p.)A So that if A £ p and |p| > |A| then ||XTAX;"|
< |M/p| and AX, ;éX A

Lemma 3. Suppose T € BH) bas a lower triangular operator valued matrix on
X. If T commutes with X = (E::o )A("U’;)U+ where X =\l + N with 0 £AeC
and N nilpotent, then T commutes with U,

Proof. We will show that T commutes with U, by inductively proving Tpo=
Teo1=Thy2,p="" for k=0,1,2,... . Notice that "Tk+1 ,|| < \T)l for all
k ]—0 l 29“‘,.

If 1 <j<ithenthe (i, j) entry of TX < XT is

Ty inXo+Ti j2Xi+ -+ Ty Xij
¢))
_XI_’_IT] ]+X1_’T”l it + X T,_l i
If i=j+1 we obtain T,+1 el Xy=X, T and Lemma 2 implies that T0 0=
Tl.l = T2'2 = « Let us now assume that TI'0 = Tl+l.l = TI+2,2 =« forall
1<k Setting i= j+ k +2 in (1) we obtain
Tle+l+j+l,j+lx0
=Xy, i+ XaTh o+ -+ X1 To 0= T, oX1 = =+ = T oXp I

Applying Lemma 2 we obtain that Tho1,0=Thy21=""" and hence by induction
Ty o= T,wl'l =+« forall k=0,1,2,.+.. Thus T commutes with U,

Theorem 1. Let V be a pure isometry on a Hilbert space H, and S € BH)
bave dense range and commute with V. Suppose there exists a A € C such that
V factors as a product of pure isometries V|, V,5+++,V,  and such that S - Al =

VS, foreach i=1,2,...,n, where each V, commutes wztb each S Then
(Svi’ = s} n v},

Proof. It clearly suffices to prove the result for V = U, on H = 2(K). If T
commutes with S and U, then it obviously commutes with SU,. So assume that
T commutes with SU,. Lemma 1l implies that T has a lower triangular operator-
valued matrix on X. Since § has dense range and commutes with U,, it follows
that A £ 0 and that §= 2> X U}. We need only show that X~ Al is nilpotent
for then Lemma 3 will imply that T commutes with U,. Since U, is one-to-one
and commutes with §, it then follows that T also commutes with S.

We will in fact show that X has a decomposition as described in the proof
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of Lemma 2. By hypothesis U,=V,V, ...V and S commutes with each V.
Since X : is the restriction of $* to

K=HouX-=-HovI)ovHove...ev,...Vv,_Hov ),

it follows that X : is upper triangular and hence that X is lower triangula.
Let (xo)ii be the compression of X, to V,V, ... Vi-lG( eV'}(). If f,ge
e Vl}( then, since S =Al+ V.S, we obtain

SV Vyeoo Vi )= (VVy e VS

SAV WV, e Vi [+ VY e Vi VS

But (VSV\V, -V, [, V,V, -V, 1g)=0, hence (Xg),,=Al.
Remark 1. We remark that in general it is not always true that if V is a
pure isometry and if S € B(H) has dense range and commutes with V then {SV}'=
{s}' n{v}’. A counterexample is V = U, on 12(C?) and S =A where A has
+ +
eigenvalues Y and 1.

3. Analytic Toeplitz operators. In this section we reformulate Theorem 1
in terms of analytic Toeplitz operators and obtain numerous consequences.

Theorem 2. Let ¢ € H* and ¢ = XF be its inner-outer factorization. If
for some A € C, x factors as X = XX, *** X, with each X, an inner function
and F -\ divisible by each X, then {T g} ={Ty 1" n TR}’

Proof. If x is constant, then the result is obvious since ¢ = F. If x is
nonconstant, then as remarked earlier T, is a pure isometry and T has dense
range and commutes with T, . By hypothesis there exist g, € H> such that
F(z)- A= xi(z)gi(z)- Hence T - Al = Ty,Tg;, and of course Ty; commutes
with Tg;. Thus Theorem 1 implies {Td,}' = {Tx}' N 1TF¥'.

Corollary 2. Let ¢ € H™ and ¢ = xF be its inner-outer factorization. If

o) 2k 00 |ai| a,-z "y
Z)=2 -_— ’
X 11;11 a. l_aiz

1

a, €D distinct, ;< N, and F(0)= F(a,) for all i, then {Tg}' ={T,}' n{T 1"

Proof. Factor x(z)=x,(z)x,(2) - -+ x(2) where each x,(z) is a Blaschke
product in which distince @, appear at most once. Since F(0)= F(a,) for all
i, F - F(0) is divisible by each X;» and Theorem 2 implies the conclusion.

Corollary 3. Let ¢ € H® and ¢ = xF be its inner-outer [actorization. If
x(2) = (la -2/ =320, n20, a €D then {T }' =1T,} " nITL'.
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Proof. Obvious by Corollary 2.

Proposition 1. Suppose ¢ € H is such that ¢ ~ ¢(a) has a zero of order
n>1 at a €1) and that there exists €> 0 such that

|(p(z) = p(a))/(z ~ a)*| >e>0 forall z€D, z £ a.

Then the inner factor of ¢ - pla) is ((a - z)/(1 - @z)).
Proof. The hypotheses imply that (z = a)*/(¢(z) - p(a)) € H™. Writing

(E_'__E )" L L TR ¢(a))( 1 laz )"

1-3z )  ¢(z) - ¢(a)
and noting that the inner-outer factorization of any function is unique, one easily
concludes that the inner factor of ¢ - d(a) is ((z= a)/(l - @z)) (see p. 51 in
l6D.
Remark 2. Since {T ,} '= {T,-.} ! for any ¢ € C, Corollary 3 and Proposi-

tion 1 enable one to calculate the commutant of a large class of analytic Toeplitz
operators. For example, if ¢(z)=2(8 - 2z), 0< |B| <1, then ¢ does not satisfy
the hypothesis of Corollary 2, but some translate of ¢ satisfies Corollary 3 and
one can conclude that {Ty} ‘=Tt

Corollary 4. If ¢ € H™ is such that ¢ - ¢(a) bas a simple zero for some
aeD and |(@(z)- $la))/(z-a)| 2 €>0 forall z €D, z # a, then {Ty}' ={T }".

Proof. Proposition 1 implies the inner factor of ¢ - ¢(a) is (a - z)/(1 - Gz).

Since {T(o_,)/(1-az) ={T 1" Corollary 3 implies {T4}" =17 }".

az)

Corollary 5. If ¢ € H” is univalent then {Ty} ‘=Tl

Proof. A univalent function satisfies the hypothesis of Corollary 4 for every
a €D.

Remark 3. It is possible to give a direct proof of Corollary 5 without using
Theorem 1. Suppose ¢ € H™ is univalent and T commutes with Ty. Since ¢ -
¢(a) is also univalent for each a € D, ¢ - #(a) has inner factor (a - z)/(1 -3z).
Now T commutes with T¢, implies T™ commutes with T¢-¢(a) for each a € D.
Hence T leaves invariant null(T3_y )= 0ull(Tg;__ /0 _z,)) = span(K,) where
K(z)=(1- G2)~!. Thus for each a €D there exists Ala)eC suchthat T K
-ml(a_ Since |Az)| < | T*|| = | T|| for each z €D and

Az)f (z) = M2)(f, K,) = (f, Xz)K,) = (f, T*K,)
=(Tf, K,) = (T{)z) forall f€ H2,



268 J. A. DEDDENS AND T. K. WONG

Therefore A € H* and T is the analytic Toeplitz operator T,. This method
of proof was first used by A. Shields and L. Wallen in [13].
Remark 4. For ¢ € H™ define the cluster set of ¢ by

Clp)=freC: Iz e D, |zn| — 1, q‘.)(zn) — A}

then the hypothesis of Corollary 4 can be rephrased as: If ¢ € H™ is such that
¢ - ¢(a) has a simple zero for some a €D and ¢(a) ¢ C@). A significant fact
concerning the cluster set of ¢ is contained in the next proposition (although the
result is not new [5], the proof is).

Proposition 2. The Fredbolm spectrum ofsan analytic Toeplitz operator Ty
is exactly the cluster set Cy.

Proof. Recall that A is not in the Fredholm spectrum of an operator T if
and only if T - A is Fredholm, that is T - A has closed range and the null spaces
of T-A and (T =A)* are both finite dimensional. For convenience we consider
A = 0. Note that Ty - A= Ty is always one-to-one unless ¢(z) = A.

Suppose 0 ¢ C(¢) and write ¢ = BSF where B is a Blaschke product, § is
a singular inner function, and F is an outer function. If § were nonconstant or
if B were an infinite Blaschke product, then one could easily find z, €D, |z,|
— 1, such that S(z )B(z,) — 0 contradicting 0 ¢ C(¢) since F € H. Hence
S(z)=1 and B isa ﬁmte Blaschke product. Since 0 ¢ (D) implies lqb(e’e)i
|F(ei®)] > € > 0 almost everywhere, it follows that F~! € H* and that T is
invertible. But Tp is clearly Fredholm, hence Ty =TgTp is also Fredholm.

Conversely suppose that Ty is Fredholm and write ¢ = BSF. Since T¢ has
closed range, ¢ is bounded below [9],and so T is invertible. If S were non-
constant or if B were an infinite Blaschke product then dim(ull T} P ¥) = + o
Since null (1*) null (‘[* T;) we must again have that B is a finite Blaschke product.
Thus the inner factor B of ¢ is continuous on T with |Ble’ # =1 and so 0 ¢ ().

Remark 5. In the course of proving Proposition 2, we actually show that T¢
is Fredholm if and only if ¥ is a finite Blaschke product and F is invertible in
H> where ¢ = xF is the inner-outer factorization of ¢. In this case Ty is Fred-
holm, and Ty and T both have the same index. The index of Ty is exactly the
negative of the number of zeros of X counting multiplicity. Furthermore ¢ and
X have the same zeros. If we let @ be the restriction of ¢ to C, =
{z € C| |z| = 7 < 1}, then the winding number of ¢, W(@ ), is the number of zeros
of ¢ inside C,. Since ¢ only has a finite number of zeros, we have W(p)=
- Index T, for r sufficiently close to 1. Equivalently Index Ty =~ lim'_.l_W(qS,)-
If in addition ¢ is continuous on the unit circle, we have Index Ty = - W(¢1)
where ¢, is the restriction of ¢ to the unit circle. Now in terms of Fredholm
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operator Corollary 4 can be restated as follows: If Ty is Fredholm operator of
index -1, then {T¢¥ ‘< {r,} ..

4. More on {T,}. In this section we will completely characterize the com-
mutant of Ty for any function ¢ € H™ whose inner factor is 2", n>1. Of course,
analogous results also hold for any function ¢ € H” whose inner factor is

((@=-2)/Q -az))?, n>1, a €D.

Lemma 4. Suppose T commutes with T o n21, and with T, where [ (z) =
a,+a,z+ azz2 + «ee €H%. Let p>1 be tbe smallest integer for which a, £0,

and let p=qn +r where 0< q and 0<r<n. Then T commutes with T8 where
gz) = (f(z) - ao)/zq" = apz' Foaee

Proof. Since T, commutes with U,=T , we have that T, = = OAkU,,,. If
q = 0 then the result follows. So assume g > 1. By the definition of p we have
that A =a)l, A, =0,..., A,_1=0. Since T commutes with T, we obtain

00 N 00 00 00
o(Z i) - (): A)r o r(Z40) - (LA
k=0 k=0 k=q k=q

00 a 00 R
1(E40%) - (ZAet)r

k=0

since T commutes with U,, and since U, is isometric. But by definition of g
oc “ k
we have that T “Sk oAk agUs
Lemma 5. Suppose T commutes with T n2l, and with T, where {(z)=
ay+az +..-+€H”, a £0, 1 <r<n If r divides n then T commutes with
T ,

z
Proof. Since T, commutes with U, = T n» We have that T, = 37 A UE
Since r divides n, say n = gqr, we have that A, is unitarily equivalent to
agl

Y agl
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on 29 1@ C’, where Y=al+N on C’, @ #0, N nilpotent. Since T commutes
with Uy =T _, we also have that T = Dl 0BkU % In order that T commute with
T, it is necessary that B commute with A,. But one easily checks that since
Y=al+N, a, #£ 0, N nilpotent this 1mphes that B is lower triangular on

2, @ C, whxch in turn implies that T is lower triangular with respect to the
decomposition of H? for V,= Tz . Notice that

Ty~ ayl = <Zx v)

and X;=Y=al+N with N a nilpotent operator. Lemma 3 now applies and we
obtain that T commutes with V, =T ,

Lemma 6. Suppose T commutes with T o >1, and with TI where [(z) =
ao+apz:p eH,a £0. If p= qn+rwztb 0<q and 0<r<n then T com-
mutes with Tzs where s =g.cd. (, n).

Proof. By Lemma 4, T commutes with T, where
g(z):apz'+ oo

Now if s =r then r divides » and Lemma 5 implies that T commutes with T s
Otherwise there exist integers #, k > 0 such that s = tr — kn. Hence tr=kn +'s,
0<k, 0<s<n Since T commutes with Te T also commutes with T =T ,
where g(z)! = a pz "++¢+. By Lemma 4, T then commutes with T, where b(z) =
a‘pzs ++++5 0<s<n Since s divides n, Lemma 5 now implies that T commutes
with T

Theorem 3. If ¢ € H™ bas inner-outer factorization ¢ = xF where x(z)=
2", n21, then {Ty}' ={T 1" where s 21 is the positive integer which is maxi-
mal with respect to the property that both z" and F(z) are functions of z° (equiv-
alently: that ¢ is a function of 2z°).

Proof. Clearly if x¥ and F are both functions of z° and if T commutes with
T,s then T commutes with T, and T, and hence with T¢.

Now suppose that T commutes with Tj. Corollary 3 then implies that T
commutes with T, and T where F(z)=a,+a,z+ a,z> ++-- € H™. Let s>1
be maximal with respect to the property that both 2" and F(z) are functions of
z°. Denote the sequence of integers p >1 such that a, #0 by Py <by<py<:cec.
Then s =g.c.d. (n, p;, p,»+++). Let s, =g.cd. (n, py, pys ¢+« 0) Now sup-
pose p, =qn+r, with 0< g, and 0<r, <n If r, =0 then s, =nand T
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commutes with T ST while if 0<r, then Lemma 6 implies that T commutes
with T s since g.c.d. (n, )= g.cd. (n, p,) = s,. In either case T commutes
with T S1° From this one concludes that T also commutes with Ty, where
f,2) = /(z) ay-ap,z’l = ap,zP2 4+ ... Now suppose p, = q,s, + 1, With
0<4g, and 0<r <s,. If r,=0then s, =5, and T commutes with T 52
while if 0<r, then Lemma 6 implies that T commutes with T .52 since

g-cd. (s), r))=g.cd. (s, p,)=g.cd. (n, by, b,) = s,. From this one concludes that
T commutes with Ty, where [y(2)=[(2)-a;~ ap,zP1 - ap 22 = ap 2?3 + ...
Now suppose Py = g3, + 75 with 0< 93 and 0<r <s,. If r;= 0 then 5y =

s, and T commutes with T 53 while if 0<r, thcn Lemma 6 1mp11es that T
commutes with T o5 since g.c.d. (s, rj)=g.cd. (s, py)=g.cd. i py, 1, b3
=5, Contmumg in this manner we obtam that T commutes with T Sk for every
k. Hence T commutes with T zS*

Corollary 6. Let ¢ € H* and ¢ = xF be its inner-outer factorization with
x(z)=2", n>1, and F(z)=ay+ a,z + a,2* + +++.. If there exists an integer
p21 suchthat a, #0 and g.c.d. (n, p)=1 then {Ty}" ={T}".

Proof. Theorem 3 applies and the hypotheses imply that s = 1.

Remark 6. Berkson, Rubel, and Williams [2]define an operator A € BH) to
be totally hyponormal if {A}’ consists entirely of hyponormal operators. It follows
that {A}’ must be abelian. An analytic Toeplitz operator Ty is totally hyponormal
if and only if §T¢¥ ‘= {T } % What analytic functions give rise to totally hypo-
normal analytic Toeplitz operators? Corollaries 4, 5, and 6 yield many examples
of such functions. In particular Ty, with ¢ (z)=2z"(1 + z), n>1, has commutant
equalto {T,}". It is interesting to note that although the commutant of Ty, is
{1}’ the weakly closed algebra generated by Ty, and I is in fact smaller than
fT }’ 12} It is also interesting to note that Y o¥2,43 .. all give rise to
totally hyponormal Toeplit z operators. In fact, using Corollary 6 it is possible to
describe a large class of functions ¢ € H™ such that T¢ and all its powers are
totally hyponormal. For a related example see p. 177 of [11].

Corollary 7. If n, k >1 are positive integers, then {T .} n {T R = T}’
where s = g.c.d. (n, k).

Proof. Observe that if T commutes with T,n and T_j then it also commutes

k

with Tz"(l szky Since 1 + z® is outer, Theorem 3 implies that T also commutes

with T_s where s can be described as in the corollary.

Corollary 8. If n, k> 1 are positive integers and 0< |a|< 1, then {r, 2!

nirt V=i, ¥

((@=z)/(1=-3z))k
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Proof. If T commutes with T, and T ¢ then T also com-

((a=2z)/(l=az))
mutes with T, where é(z) = 2"(1 + (@ - 2)/(1 - G2))*). Since the coefficient of

z in the outer part of ¢ is nonzero, Corollary 6 implies the result.

5. Concluding remarks. We would like to conclude this paper by raising some
questions which naturally arise in our paper.

Question 1. Suppose ¢ € H™ has inner-outer factorization ¢ = xF. Must
Tyl =1} a iTRl"

Question 2. Suppose ¢ € H™ is nonconstant. Is the zero operator the only
compact operator commuting with T¢?

Question 2 has an affirmative answer in case ¢(z)=z [3). In fact if ¢ is
any inner function the answer to Question 2 is yes. Thus an affirmative answer
to Question 1 implies an affirmative answer to Question 2.

Question 3. Suppose ¢ € H™ Is fT¢}' ={T}' where I is some inner func-
tion of which ¢ is a function?

Question 4. Suppose ¢ € H™. Does {T¢¥' #1{T,}' imply that ¢ is a func-
tion of an inner function which is not a single Blaschke factor?

An affirmative answer to Question 3 obviously implies an affirmative answer
to Question 4. For a related question see E. Nordgren [11].

Question 5. Suppose ¢ € H™. If T commutes with T, does there exist an
operator Y on L? that commutes with L 4 and that leaves H? invariant such
that T = Y|, 2?

Since Question 5 has an affirmative answer in case ¢ is an inner function,
an affirmative answer to Question 3 implies an affirmative answer to Question 5.
Question 5 asks whether the commutant of the subnormal operator T¢ can be lifted
to the commutant of the minimal normal extension L e Examples are known of
subnormal operators (e.g. 0 @ T,) whose commutants do not lift.

Question 6. Suppose {Xa;aeA is a family of inner functions. Is naeA{Txal'
= {Tll ' where I is some inner function of which each X, is a function?

A preprint of J. Ball [1] of the University of Virginia establishes a strong
connection between Question 4 and Questions 1 and 6 if the commutant is replaced
by the set of projections in the commutant.

In this paper we have given partial answers to the above questions. For ex-
ample, if the inner factor of ¢ € H* is 2", n>1, then Questions 1 through 5 have
affirmative answers. However, in general, the questions seem very difficult and
will certainly require techniques different from those presented in this paper.
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