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THE COMMUTANT OF ANALYTIC TOEPLITZ OPERATORS
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JAMES A. DEDDENS(l) AND TIN KIN WONG

ABSTRACT.   In this paper we study the commutant of an analytic Toeplitz

operator.   For 4> e H°°, let  <j> = xF be its inner-outer factorization.   Our main

result is that if there exists   X e C such that X factors as X = XiX2 • • .Xn,

each X,- an inner function, and if F — X is divisible by each X,-, then \T¡p\   —

Mxl   n \Tp\  .  The key step in the proof is Lemma 2, which is a curious re-

sult about nilpotent operators.   One corollary of our main result is that if

X(z)=2", zz 2 1, then {T¿\ ' = \Tx\ ' n \TpV, another is that if <f> e H°° is
univalent then j T¡p\   = \TZ\  .  We are also able to prove that if the inner fac-

tor of 4> is X(z)=z", zi 2 1, then ÍT^I   =\T s\     where s   is a positive in-

teger maximal with respect to the property that 2n and F(z) are both functions

of zs.   We conclude by raising six questions.

1.   Introduction.   Let  H2 denote the Hubert space of functions /analytic

in the open unit disc D for which the functions ff(6)= fire1^ ate uniformly bound-

ed in L -norm for r< 1, and let Hx denote the linear manifold of bounded func-

tions in  H .   For cp £ Hx,  T *   (or T.»  A is the analytic Toeplitz operator on

H    defined by the relation  (T,/)(z) = cpiz)fiz). These operators have received

a great deal of attention recently and many of their properties are well known

([4], b]).  The operator Tz is often called the unilateral shift and is the canoni-

cal example of a completely nonunitary isometry of defect one.   Every analytic

Toeplitz operator commutes with  T , in fact, every operator that commutes with

T    is an analytic Toeplitz operator.   The purpose of this paper is to study the

commutant of an arbitrary analytic Toeplitz operator.  We obtain some partial

results characterizing the commutant of an analytic Toeplitz operator as well as

some partial results characterizing those analytic functions whose associated

Toeplitz operators have commutant equal to that of T .   §2 contains our main

result stated in terms of pure isometries, §§3 and 4 contain numerous results on

the commutant of analytic Toeplitz operators, while §5 contains some open ques-

tions.

It is well known that if f £ H2 then there is a function /    e L2(T) such that

fire   ) converges almost everywhere to /  ie'  )•  X e H°° ls sa^ t0 be an inner
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function it  \y   ie'  )| = 1  almost everywhere (or equivalently, if Tx is an isometry).

Every inner function    y has a factorization yiz) = e'">rB(z)S(z) with  \el"^\ = 1

where  B(z) is a Blaschke product of the form

00   la, I  a   - z

ß(2) = zn Yl -±- J__,        0 < |0t   | < 1,
"i a*  l-akz

and  S(z) is a singular inner function of the form

with ft a singular measure.   F £ ft00 is said to be an outer function if F is of the

form

FWH¿/»"£í«M
where  ¿ is a real-valued integrable function (or equivalently, if  TF has dense

range).   Every nonconstant function </> e H    has a unique factorization of the form

cp(z) = y(z)F(z) where y e H°° is an inner function and F e H    is an outer func-

tion ([6], [lO]).  Our results will show that this factorization plays a key role in

determining the commutant of  T\.

Although we are primarily interested in analytic Toeplitz operators it will be

convenient to state some of our results more generally. An isometry V on a Hu-

bert space K is called a pure isometry ([3], [7]) if (~)™a0 VnK = {0\. The dimen-

sion of the defect space Kv =KQvK is called the defect or multiplicity of V,

and one easily obtains the decomposition K = 2X_0 vö V"KV. Any two pure iso-

metries of the same multiplicity are unitarily equivalent. Thus V is unitarily

equivalent to the unilateral shift  (7+ on 1+iKy) = 2~_Q © Ky defined by

"+(*0» *ji x2, ...)= (0, Xq, Xj, x2, • • • ).

It is easily verified that the commutant of  L/+ consists of those bounded linear

operators on  l+iKy) of the form 2°^ A  17" where, for A a bounded linear oper-

ator on  Kv,  A (the inflation of A) is defined on l\iKy) by

MxQ, xv x2, ...) = iAx0, Axv Ax2, ■ •■).

Thus the commutant of a pure isometry can be characterized.

If y e H°° is a nonconstant inner function then  Tx is a pure isometry (this

follows since no 0 ^ / e /i°° is infinitely divisible by y), which has finite defect

if and only if y is a finite Blaschke product.   Hence the commutant of Tx fot y

an inner function is well known, and we attempt to characterize the commutant of
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an arbitrary analytic Toeplitz operator in terms of these objects.  For a Hubert

space K, ¡B(K) will denote the algebra of all bounded linear operators on K.  If

A £ 55(H) then \A\ ' will denote the commutant of A, that is, \A\ ' = ÍB e S(H):

AB = BA\.

2.   Main result.  Throughout this section X will denote a Hilbert space, H

will denote the Hilbert space l+iX), and  t/+ will denote the unilateral shift on

H.

Lemma 1. Suppose S £ %Q() has dense range and commutes with l/+. //

T £ íB(J() commutes with SU+, then T has a lower triangular operator-valued

matrix on K.

Proof.  Since  T lower triangular is equivalent to T    upper triangular, which

in turn, is equivalent to the subspaces  M   = 27  » © X invariant for T  , it suf-

fices to prove that T    leaves zVI    invariant. Since  T commutes with SU+,  T

commutes with S*U* and hence with S*"+ t/*n+ .  Thus T* leaves invariant

the null space of S*,+1U*n+1.   Because S has dense range, S*"+1 is one-to-

one, and

null(S*n+1i/*»+1) = null(t/*"+1) = Mn.

Hence  T is lower triangular.

The following lemma is essential for our main result.

Lemma 2.   Ler N be a nilpotent operator on X and let X. = kl + N where

0 4 k £ C.   // B, A0, Ax, A2, ■ ■ ■ £ %iX) satisfy

(a) \\Ak\\ < M, ¿=0,1,2,..., and

(b) AkX0 = X0Ak_x + B. A-1,2,3»"*.
then AQ = Ax = A2 = • • • .

9

Proof.   By Theorem 1 in fe], K decomposes into 2" , © K. and X. has a

lower triangular operator-valued matrix with diagonal elements A/..  We show that

A0 = Aj = A2 = ... by showing that they must have the same (l, n), (1, 72 - l),

•.., (1, 1), (2, 77), •••, (2, 1), •••, Oi, «),•••, (tt, 1) operator entries with respect to  o

this decomposition.  We repeatedly use the obvious fact that the lemma is true if

N = 0.  More precisely, if D, CQ, Cy C2, • •• e3BC/C'. X") satisfying ||Cfc|| < M

and kCk = kCk_x + D for k = 1, 2, 3, • • ■ then C„ = Cj = C2 = • • — To see that

this is the case merely observe that kCk - AC(fe_ j + D implies AC,. = ACQ + kD.

In order that  ||C¿|| < M we must have that D = 0 and hence Cn = Cj = C2 = • « • .

Now the (1, 72) entry of (b) is

«Vl.^^i-lV. + Wl.n'       ¿=0,1,2,...,
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and so by the above remark and by the fact that (a) implies  ||(A, ). .|| < M fot
K   1,1      —

i, j -1, 2, ... ,n, k = 0, 1, 2, ••.  one concludes that (Án)j n = iAl)l     =

(A2)t n = ■ • • . The (1, n - 1) entry of (b) is

or since  U^j    •* (Áj)j „ = •••» that

^Ak\,n-l=^Ak-x\,n-l^B\,n-X-^o\,n.M^\J

and again we conclude that (A„)t       , = (A,),       , = ....° U   1,71- 1 I    1 ,77 — I

Now the  it, j) entry of (b) is

*&k\ i + {Ak\ j>i(Xo)j+i,y + » • + <**><. »(Xo\, i

= AU^jV y + (X0)<t nW».!),.!,y + — + (XcA-, lW*-l>l., + (ß\ ,"

Let us now assume that iA0)p    = (Áj)      = (á2)      = • • •  for all p =■ i, ; < a <

« and 1 < p < i, a = /.   Then

-WoW*o>yi.y-t*oV.*o>»^

and we conclude that GO¿ • = ÍA.)¡ ■ = • • • • Inductively we obtain that

(A0). ^(A^.^...    for all i. /=1, 2»        ,

and so A. = A.= A2 = • • • .

Corollary 1.   // N is a nilpotent operator on K and XQ = A/ + N where 0 ¿ \

eC, /ien

II^O^^ô"!! < M for n = 0, 1, 2, • • •    zra/j/zes    AX0 = XnA.

// K is finite dimensional, then the converse is also true.

Proof.   Let Ak = X*AX"fe for *- 0, 1,2, ••• . Then AfeXn = X,/*_l and

the result follows from Lemma 2 by setting B = 0.

In order to see that the converse is true if K is finite dimensional, first ob-

serve that if X. satisfies the conclusion of the corollary, that is, XQ = \l + N

tot 0 ¿ A and N nilpotent, then so does any operator SXQS~    similar to XQ.

Now using Jordan canonical forms it is easy to see that for any invertible opera-

tor XQ with two or more distinct eigenvalues there is another operator A satis-

lying  ll^ô^^ô"!! < M but AXQ ̂ X0A-   For examPle. if f' A ¿ ° and H
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X„ = iklx + Nx) 0(p/2 + N2) on [eil)rio®K2)]nlo ^ere  N. •<« equals  e%

if ti < 72. and equals  0 if 72 = n„ if A is defined by Ae(Q' = ik/p)e^' and 0

otherwise, then X^X"1 = (A/p)A.  So that if A 4 p and |p| > |A|  then HX^X""!

< |A/p|  and AX0 4 XQA.

Lemma 3.   Suppose T £ iB(H) Aas a lower triangular operator valued matrix on

H.   If T commutes with X = (2°° .X Un.)U + where Xn = kl + N with 0 4 A £ C
' 72:sU     n    T      T u

«72«/ zV nilpotent, then T commutes with t/+.

Proof.  We will show that T commutes with t/+ by inductively proving T, 0 =

r*+l,l = Tfc+2,2 = • * •  for * - 0,1, 2,... . Notice that  ||T4+/y|| < ||T|| for all

*, ;-"0,1,2, .'..•..

If 1 < 7 < 1 then the ii, j) entry of TX •= XT is

^,+i*o + r./+2X1 + ... + T.i.X._._1

~xi-i-iTu + xi-iT»i.i + -'-+x*Ti-ur

If i = j + 1 we obtain  T.  .  .  .Xn = XnT- ■ and Lemma 2 implies that Tn n =
7 + 1.7 + 1    tz u   7»/ u,u

Tj j = T2 2 =.  Let us now assume that T¡ n = T, . . = T¡ 2 2 = • • • for all

I < k.  Setting i = j + k + 2 in (1 ) we obtain

Tk+l+j+i,j+iX0

= Xort+i+/, > + [xir*,o + ••• + x¿+iTo,o-'rt,o;(ri-ro.oXzt+i3-

Applying Lemma 2 we obtain that T.   . 0 = T^.j 1 = ' ' '  anc^ hence by induction

Tk 0 = Tfc  j j = • • •  for all £ = 0, 1, 2, • • • .  Thus  T commutes with Í7+

Theorem 1.   Let V be a pure isometry on a Hilbert space K,  and S £ !B(H)

Aatze dense range and commute with V.   Suppose there exists a A e C stzcA that

V factors as a product of pure isometries V,, V,» • • • , V    and such that S - kl =

VS{ for each i = 1, 2, • • • , 72,  where each V. commutes with each S..   Then

\sv\'~isVn\v\'.

Proof. It clearly suffices to prove the result for V = t/+ on H = l^iK). If T

commutes with 5 and t/+ then it obviously commutes with SU+. So assume that

T commutes with SU+. Lemma 1 implies that T has a lower triangular operator-

valued matrix on K. Since S has dense range and commutes with i/+, it follows

that A 4 0 and that 5 = ^~_nX I/". We need only show that Xn - A/ is nilpotent

for then Lemma 3 will imply that T commutes with t/+. Since t/+ is one-to-one

and commutes with S, it then follows that  T also commutes with S.

We will in fact show that  XQ has a decomposition as described in the proof
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of Lemma 2.   By hypothesis  l/+= V, V2 • • • V    and S commutes with each  V ■.

Since X.   is the restriction of S    to

K = K6í7+H = (Kav1H) JKi(Hev2K)©... e^ ... v^^K^vJi),

it follows that XQ is upper triangular and hence that X. is lower triangulai

Let (X0).. be the compression of XQ to V{V2 ••• K¿_ j(K 0 vK). If /, g e

K G V J( then, since 5 = A/ + V .S., we obtain

sivlv2...vi_1f) = ivlv2...vi_l)sf

= Mlv2...vi_lf + vlv2...vi_lvisif.

But (V^VjVj ••• V._xf, VlV2 ••• V._lg)=0, hence iX0)u-Mf

Remark 1.  We remark that in general it is not always true that if V is a

pure isometry and if S e ÍB(H) has dense range and commutes with  V then tSV|' =

{S\ ' n Í V! '• A counterexample is   V = U+ on /2(C ) and S = A where A has

eigenvalues )4 and 1.

3.   Analytic Toeplitz operators.   In this section we reformulate Theorem 1

in terms of analytic Toeplitz operators and obtain numerous consequences.

Theorem 2.   Let cp e H°° and tp = yF be its inner-outer factorization.   If

for some X e C, y factors as y = X1X2 ' ' ' Xn with each yi an inner function

and F - A divisible by each y{,  then |T^1 ' = |Txi ' n lTpl '.

Proof.   If y is constant, then the result is obvious since cp - F.   If y is

nonconstant, then as remarked earlier Tx is a pure isometry and Tp has dense

range and commutes with  Tx.   By hypothesis there exist  g- e H     such that

F(z) - A = y¿(z)g .(z).  Hence  Tp - A/ = Tx Tg., and of course  Tx . commutes

with Tg(..  Thus Theorem 1 implies ÍT . Î ' = ÍT^i ' fl |TFI'.

Corollary 2.   Let cp e f/00 and cp - yF be its inner-outer factorization.   If

00   ria.l     a.-2"l"z

a. e D distinct, n¿ < N, and FÍO) = Fia.) for all i, then |T^I ' = fTxl' n lTp] '.

Proof.   Factor yiz) = y^zry^z) • • • yNiz) where each y¡iz) is a Blaschke

product in which distinct  a^ appear at most once.  Since F(0) = Fia.) for all

i,  F — FÍO) is divisible by each y-, and Theorem 2 implies the conclusion.

Corollary 3.   Let cp e H°° and cp = yF be its inner-outer factorization.   If

yiz)=iia-z)/il -az)T, n>0, a eD then iT^l' = iTxl ' n \Tp\ '.
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Proof.   Obvious by Corollary 2.

Proposition 1.   Suppose <£ £ H°° is such that q> — (pia) has a zero of order

72 > 1  at a £ I) and that there exists ( > 0 szzcA that

|(<p(z) - <f>(a))/(z - a)n\ >e>0   for all z e D. z 4 a.

Then the inner factor of cp - cp(a) is ((a - z)/(l - az))",.

Proof.  The hypotheses imply that iz - af/icpiz)- cpia)) £ H°°<. Writing

and noting that the inner-outer factorization of any function is unique, one easily

concludes that the inner factor of cp - cpia) is  iiz - a)/(l - äz))n (see p. 51 in

[6]).

Remark 2.  Since \T A   =1^. !    for any c e C, Corollary 3 and Proposi-

tion 1 enable one to calculate the commutant of a large class of analytic Toeplitz

operators.   For example, if qbiz) = ziß - z), 0 < \ß\ < 1, then <£ does not satisfy

the hypothesis of Corollary 2, but some translate of q) satisfies Corollary 3 and

one can conclude that {TA  = \Tz\ .

Corollary 4.   If cp £ H°° is such that cp - qSia) has a simple zero for some

a £ D and |(<p(z) - rp(a))/(z - a)| > e > 0 for all z e D, z 4 a, then fT^| ' = \Tj '.

Proof.   Proposition 1 implies the inner factor of q> - q>(a) is  (a - z)/(l -az).

Since Í7"(a_z)/(1_Sz)r = \Tj', Corollary 3 implies iT^i ' = {Tj'.

Corollary 5.   If cp £ H°° is univalent then \TA' = \Tj '..

Proof.  A univalent function satisfies the hypothesis of Corollary 4 for every

a e D.

Remark 3. It is possible to give a direct proof of Corollary 5 without using

Theorem 1. Suppose q> £ H°° is univalent and T commutes with T,. Since <£ -

<£(a) is also univalent for each a £ D, cp - cp(a) has inner factor (a - z)/(l -ciz).

Now T commutes with T, implies T commutes with T,j,a. fot each a £ D.

Hence T leaves invariant null(T^_^(a)) = nulHT^^jj/,^^)) = span(/Ca) where

Kaiz) = (1 - az)~l. Thus for each a e D there exists A(a) e C such that T*Xa

= kla)Xa. Since  \k(z)\ < \\T*\\ = \\T\\ for each z £ D and

A(z)/(z) = A(z)(/, Xz) = ((, W)X2) = (/, T*Xx)

= (T/, Xz)=(Tf)(z)   for all f£H2.
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Therefore A e Hx and T is the analytic Toeplitz operator T..   This method

of proof was first used by A. Shields and L. Wallen in [13]•

Remark 4.  For cf> e H°° define the cluster set of cp by

Cicf>) = [A e C: 1zn e D, |»J _ 1, cj>izn) -, A|

then the hypothesis of Corollary 4 can be rephrased as:  If tp e Hx is such that

cp - cpia) has a simple zero for some  a e D and cpia) 4 Citp).  A significant fact

concerning the cluster set of tp is contained in the next proposition (although the

result is not new [5], the proof is).

Proposition 2.   The Fredholm spectrum ofjzn analytic Toeplitz operator T\

is exactly the cluster set C,.

Proof.  Recall that A is not in the Fredholm spectrum of an operator T if

and only if T — A is Fredholm, that is  T — A has closed range and the null spaces

of T - A and (T - A)    are both finite dimensional.  For convenience we consider

A = 0.  Note that Tj — A = Tj_. is always one-to-one unless r/S(z) ■ A.

Suppose  0 i Cicp) and write cp = BSF where B is a Blaschke product, S is

a singular inner function, and F is an outer function.   If S were nonconstant or

if B were an infinite Blaschke product, then one could easily find zn e D,  |« |

—> 1, such that Siz )ßiz ) —» 0 contradicting 0 i Citp) since   F e H°°i. Hence

S(z)= 1 and  B is a finite Blaschke product.  Since  0 ¿ <£(D)  implies   \cpie'  )\ =

|F(e   )| > e > 0 almost everywhere, it follows that F      e H°° and that Tp is

invertible.   But Tg is clearly Fredholm, hence  T, = T¿TF is also Fredholm.

Conversely suppose that Tj, is Fredholm and write cp = BSF.   Since Tj, has

closed range, cp is bounded below [9]» and so Tp is invertible.   If 5 were non-

constant or if B were an infinite Blaschke product then dim(null Tß Ts ) = + ».

Since null ÍTA) = null (TßTp we must again have that B is a finite Blaschke product.

Thus the inner factor B of tp is continuous on T with |ß(e'^| = 1 and so 0 ¿'&cp).

Remark 5.  In the course of proving Proposition 2, we actually show that T\

is Fredholm if and only if y is a finite Blaschke product and F is invertible in

f/00 where cp = yF is the inner-outer factorization of cp,. In this case Tx is Fred-

holm, and Tx and Tj, both have the same index.  The index of Tx is exactly the

negative of the number of zeros of y counting multiplicity.  Furthermore cp and

y have the same zeros.   If we let tp   be the restriction of tp to Cf =

\z e C| |jz| = r< 1|, then the winding number of <p. Wicpr), is the number of zeros

of cp inside C . Since cp only has a finite number of zeros, we have  Wicpf) =

- Index Tj, for r sufficiently close to 1.   Equivalently Index Ti = - limr_-1_W(<^r).

If in addition tp is continuous on the unit circle, we have Index Tx = — W((£,)

where eft.  is the restriction of cp to the unit circle.  Now in terms of Fredholm
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operator Corollary 4 can be restated as follows:  If T. is Fredholm operator of

index - 1, then \T^\ ' = \Tz\ «

4.   More on \TA .  In this section we will completely characterize the com-

mutant of Tj, for any function cp £ /t,oc whose inner factor is  z", n > 1.   Of course,

analogous results also hold for any function cp £ /i°° whose inner factor is

((a - z)/(l - az))n, T2 > 1, a e D.

Lemma 4. Suppose T commutes with T „, n>l, and with T, where /(z) =

a. +• axz + a2z + • • • e f/°°.. Ler p>l be the smallest integer for which a 4 0,

a72zi let p = qn + r where 0 < q and 0 <r < n.   Then T commutes with T    where

g(z) = (f(z)-a0)/zqn = apzr+....

Proof. Since T, commutes with (7+= T „ we have that T, = 2'?_0A,Uk. Ii

q = 0 then the result follows.  So assume q > 1.  By the definition of p we have

that AQ = aQI, Ax 0, , A     x - 0.  Since  T commutes with T. we obtain

Hence

since  T commutes with  t/+, and since  i/+ is isometric.   But by definition of g

we have that  Tg = ^.o\t«Ur

Lemma 5.   Suppose T commutes with T „, n >1, and with T, where f(z) =

aQ + azr + • • • + e f/°°, af 4 0, 1 < r < n.   If r divides n then T commutes with

T r
z

Proof. Since  T   commutes with f/+ = T „, we have that T, » 2?°_0Â, (/*.

Since r divides 72, say 72 = qr, we have that AQ is unitarily equivalent to

t Y    a0I

«oV
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on 2q._x © Cr, where  Y = a I + N on  Cr, ar 4 0, zV nilpotent. Since T commutes

with  i/+= T „ we also have that T = ^¿"„o^*^*"   ^ or^er that T commute with

T, it is necessary that BQ commute with A..   But one easily checks that since

Y = al + N,  a 4 0, N nilpotent this implies that BQ is lower triangular on

2q¡_x © C, which in turn implies that T is lower triangular with respect to the

decomposition of fY    for V+= T r.   Notice that

77-«„l-(¿*aV*V

and X0= Y = a I + N with N a nilpotent operator.  Lemma 3 now applies and we

obtain that  T commutes with V+ = T T.

Lemma 6.   Suppose   T commutes with T n, n>l, and with T. where /(z) =

a- + a z* + • • • £ H°°, a   4 0.   If p = qn + r with 0 < q and 0 < r < n then T com-

mutes with T s where s = g.c.d. (r, n).
z

Proof.   By Lemma 4,  T commutes with T   where

giz) = apzT + ... .

Now if s = r then r divides 72 and Lemma 5 implies that T commutes with T s.
z

Otherwise there exist integers t, k > 0 such that s = tr — kn.   Hence tr = kn + s,

0 < k, 0 < s < n.   Since  T commutes with T , T also commutes with T* = T t
8 80

where giz)1 = a* ztr +■•••.  By Lemma 4, T then commutes with Th where Alz) =

a' zs + • • • , 0 < s < 72.   Since s divides 72, Lemma 5 now implies that  T commutes

with TzS.

Theorem 3.   // qS e H°° has inner-outer factorization $ = xP where x(z) ■

z", 72 > 1, rAen |Tx!   = ÍT si ' where s > 1  is the positive integer which is maxi-

mal with respect to the property that both z" and Fix) are functions of zs (equiv

alently: that cp is a function pf zs).

Proof.  Clearly if x and F are both functions of zs and if T commutes with

T s then T commutes with T   and  T-, and hence with Ti.

Now suppose that T commutes with T,.  Corollary 3 then implies that  T

commutes with Tz„ and Tp where Fiz) = a. +• ajZ + a2z   + • • •  £ H°°i. Let s>l

be maximal with respect to the property that both z" and Fiz) ate functions of

zs.  Denote the sequence of integers p > 1 such that a   4 0 by px < p2 < p, < • • •

Then s = g.c.d. (72, p., p2, ••• )•  Let sk = g.cd. (72, px, p2, • • • , pk). Now sup-

pose p, = qxn + r. with 0 < qx and 0 < r. < »2.   If r, = 0 then s, = n and T



THE COMMUTANT OF ANALYTIC TOEPLITZ OPERATORS 271

commutes with T s., while if 0 < rt then Lemma 6 implies that T commutes

with T Sj since g.cd. in, rj) = g.c.d. in, p])=sv  In either case T commutes

with T s..   From this one concludes that T also commutes with T/j where

/jCz) = fix)- aQ - apxzpl = ai,2z/,2 + ... . Now suppose p2 = q^^ + r2 with

0<q2 and 0 < r2 < s..  It r2 = 0 then s2 = Sj and T commutes with T S2,

while if 0 < r2 then Lemma 6 implies that  T commutes with T S2 since

g.cd. (sj, r2) = g.cd. (sj, />2) = g.cd. (n, pv p2) = s2> From this one concludes that

T commutes with T/2 where /¿(z) = fiz)- aQ - aPlzpl - aP2zp2 = ap%zpî + • • •..

Now suppose p, = q,s2 + r, with 0 < a, and 0 < r, < s2>  If r, =  0 then s, =

s2 and T commutes with T s-, while if 0 < r, then Lemma 6 implies that  T

commutes with T s, since g.cd. (s2' r,) = g.c.d. (s2, p,) = g.cd. .(», py p2, pA)

= s,.  Continuing in this manner we obtain that  T commutes with  T s,  tot every

k.  Hence T commutes with T s.
z

Corollary 6. Lei cp e H and cp = yF be its inner-outer factorization with

yiz) = zn, n > 1, and Fiz) = aQ + a^z + a2z2 + •••.. // there exists an integer

p>l  such that a   ¿ 0 and g.cd. in, p) = 1 í¿en [T,} ' = \T J '.

Proof.  Theorem 3 applies and the hypotheses imply that i«l,

Remark 6.  Berkson, Rubel, and Williams [2] define an operator A e 5B(K) to

be totally hyponormal if lA(    consists entirely of hyponormal operators. It follows

that |A| ' must be abelian.  An analytic Toeplitz opçrator T, is totally hyponormal

if and only if {TA   = |TZI <• What analytic functions give rise to totally hypo-

normal analytic Toeplitz operators?   Corollaries 4, 5, and 6 yield many examples

of such functions.  In particular T,/,   with ^„(^) = z"(l + *)■ n>l, has commutant

equal to \Tg\ «.  It is interesting to note that although the commutant of T^ is

ÍTzl , the weakly closed algebra generated by T^,   and / is in fact smaller than

|TZI ' [12].  It is also interesting to note that i/r  , i/r2, i//^ ... all give rise to

totally hyponormal Toeplitz operators.   In fact, using Corollary 6 it is possible to

describe a large class of functions cp e /j*°° such that  T.  and all its powers are

totally hyponormal.   For a related example see p. 177 of [ll].

Corollary 7.  // n, k > 1 are positive integers, then {T „\ ' D ÍT ¿1 ' = [T s\ '

where s = g.cd. in, k).

Proof.  Observe that if T commutes with Tz„ and T ¿ then it also commutes

with Tz„(lveky Since 1 + z   is outer, Theorem 3 implies that T also commutes

with TzS where s can be described as in the corollary.

Corollary 8.   // n, k > 1  are positive integers and 0 < |a| < 1, then {T „! '

n{!(^)/(L*,>*J'-{rJ'
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Proof.  If T commutes with  T „ and T ,  then T also com-
z" ((a-zya-az))*

mutes with T. where tp(z) = z"(l + ((a - z)/(l - az)) ). Since the coefficient of

z in the outer part of cp is nonzero, Corollary 6 implies the result.

5.   Concluding remarks. We would like to conclude this paper by raising some

questions which naturally arise in our paper.

Question 1.  Suppose cp £ H    has inner-outer factorization cp = xE-   Must

lT0!' = ÍTx!'n¡TF¡'?

Question 2.  Suppose cp £ H    is nonconstant.  Is the zero operator the only

compact operator commuting with T±?

Question 2 has an affirmative answer in case cpiz) =» z [3]. In fact if cp is

any inner function the answer to Question 2 is yes. Thus an affirmative answer

to Question 1 implies an affirmative answer to Question 2.

Question 3.  Suppose cp £ /V0"'  Is ¡Tj!   =ÍTjI' where / is some inner func-

tion of which <p is a function?

Question 4-   Suppose cp £ H00!. Does lT¿i'^ÍTz!    imply that cp is a func-

tion of an inner function which is not a single Blaschke factor?

An affirmative answer to Question 3 obviously implies an affirmative answer

to Question 4.  For a related question see E. Nordgren [ll].

Question 5.  Suppose cp £ H°°t.  If T commutes with T, does there exist an
t t

operator  Y on L    that commutes with L, and that leaves  H    invariant such

that T= y|H2?

Since Question 5 has an affirmative answer in case qb is an inner function,

an affirmative answer to Question 3 implies an affirmative answer to Question 5.

Question 5 asks whether the commutant of the subnormal operator T,  can be lifted

to the commutant of the minimal normal extension L.  Examples are known of

subnormal operators (e.g. 0 © T ) whose commutants do not lift.

Question 6.  Suppose ÍXcJaeA is a family °f inner functions.   Is  Mog^fTx I'

*■ [T,\    where / is some inner function of which each \    is a function?

A preprint of J. Ball [l] of the University of Virginia establishes a strong

connection between Question 4 and Questions 1 and 6 if the commutant is replaced

by the set of projections in the commutant.

In this paper we have given partial answers to the above questions.  For ex-

ample, if the inner factor of cp £ H    is z",  n > 1, then Questions 1 through 5 have

affirmative answers.  However, in general, the questions seem very difficult and

will certainly require techniques different from those presented in this paper.
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